We derive and discuss the finite-energy sum rules, which form consistency conditions imposed by analyticity on the Regge analysis of a scattering amplitude. Their finite form makes them particularly useful in practical applications. We discuss the various applications, emphasizing a new kind of bootstrap predicting the Regge parameters from low-energy data alone. We apply our methods to mS charge exchange and are able to derive many interesting features of the high-energy amplitudes at various t. In particular, we establish the existence of zeros of the amplitudes and of additional p poles. On the basis of the jniteenergy sum rules and the analysis of the m. X amplitudes, we present theoretical and experimental evidence that double counting is involved in the interference model, which adds direct-channel resonances to the exchanged Regge terms.
I. INTRODUCTION ' "N this paper we derive and discuss the finite-energy &~sum rules" (FESR), their implications, and their application to 7' charge exchange (CEX). The main results were reported elsewhere. ' Here we present a more detailed account of the theory and its application.
In Sec. II we derive FESR for arbitrary scattering amplitudes. They form consistency conditions that are imposed by analyticity alone. For amplitudes that decrease fast enough, they tend in the limit of infinite integration to the usual superconvergence relations. In our formulation, all Regge poles appear in the same form regardless of their n value. This helps in particular to resolve difIiculties which appear in the superconvergence relations due to the uncertainty of the exact location of the leading singularity. The finite form of the sum rules makes them particularly useful in practical applications. They are a good tool for the determination of Regge parameters from low-energy data.
This section closely follows the unpublished Ref. 1.
In Sec. III we discuss the diRerent ways of using FESR. They can be used either as a way of determining low-energy parameters through high-energy data, or in conjunction with the high-energy data for a better overall determination of the Regge 6t. A third way is to predict the main parameters of the high-energy data (the exchanged Regge poles) from the Iow-energy data alone. This kind of bootstrap program is discussed in detail.
* Work supported in part by the U. S. Atomic Energy Commission. Prepared under Contract No. CALT-68-127, 1967 (unpublished predict the p mass and a trajectory n,«which is 0.1 to 0.2 lower than the one measured at high energies. (5) Using high-energy fits as an additional input, we find some evidence for a second p trajectory, 0.4 lower than the p. This may be the manifestation of a cut. (6) Using the parameters of the additional p pole, we predict a polarization of the right sign and order of magnitude.
(7) There is strong evidence for an (approximately) Axed pole in 8& -) at j=0.
The results (1) to (3) are "caused" (via FESR) by the following features (1') to (3') '3'( ) and 8( & in the notation of V. Singh, Phys. Rev. 129, 1889 (1963 and G. F. Chew, M. L. Goldberger, F. E. Low, and Y. Nambu, ibid. 106, 1337 Nambu, ibid. 106, (1957 
The amplitude Ii -R will satisfy the superconvergence relation Im(F -E)dv=0. Performing the integration, we find the following finiteenergy sum rule: A second way' ' of using the FESR is as consistency equations that are taken together with the high-energy data for a better over-all determination of the Regge parameters. In this way we can make use of the lowenergy data as well as the high-energy data in determining the asymptotic behavior. This link between the two regions which is provided by the FESR stems, of course, from the analyticity assumptions that were the basis of the derivation.
A third kind of application, ' which might very well be the most interesting one from the theoretical point of view, is the use of the low-energy data alone as an input to predict the exchanged Regge poles. This is a new kind of bootstrap calculation. Thus, if one assumes a one-pole fit, one can predict its trajectory rr(1) by using the algebraic equation S": S"=(n+mi 1):(cr+n+ 1). (12) The point at which n passes through a right-signature integer corresponds to a pole in the scattering amplitude.
The crucual point which enables us to predict this exchanged pole is the fact that ImF (i.e. , the absorptive part in the direct channel) stays regular at the position of this pole, while ReF shows the singularity' ImF v,
Since ImF remains finite, there is no particular change in Eq. (12) at this point and it is easily applicable. Since we use the partial-wave series to construct ImF, we assume that the exchanged pole is much larger than the double-spectral function and neglect the latter so that the series converges. Once rr(t) is determined, one can use it in any of the FESR to determine P(t). It is advisable to work separately with the odd and even moment sum rules, since one of these families contains the wrong-signature nonsense poles that do not affect the observable amplitude.
This bootstrap method has several advantages over the conventional N/D method: (1) Equation (12) In Fig. 1(b) for negative t, and the continuum also decreases rapidly; therefore, when evaluating the integral of this function, we find a zero between t= -0.4 and -0.5 BeV' (see Fig. 3 ). From the dominance of the Born term and the smallness of the continuum, we conclude that such a zero has to occur also if the cutoff E is chosen around 3 or 5 BeV. Thus we predict from low-energy data that the high-energy amplitude has a zero as expected from the p Regge-pole interpretation ImvB& '~d v~=P&rv~/P(&r+1). (14) In Fig. 1(a) (Fig. 6 ) of our predictions with high-energy experiments, we assume a one-pole model and take" n(t)=0.57+0.96t as an input from highenergy experiments in order to predict the residue functions c(t) and d(t) defined in Fig. 6 Fig. 3 ).
A simultaneous zero of S~and S3 could also be caused by d=0, o, /0. In that case the curves S& and $3 would cross, but this obviously is not the case in Fig. 3 . We get a surprisingly good agreement, but we note that for -0.6&t&0 the trajectory seems to be too low by 0.2. This is a second, completely independent indication that the effective n(t) of a one-pole fit at vr, --1.13 BeV should be lower than the n(t) measured around 10 BeV. (1967) . ' The error bars in Fig. 6 include the following: (a) the experimental error in the low-energy integral (Born term, f'=0 Ogl. &0 .003, and phase shifts); and (b) an estimate of the background integral in the j plane as derived from the size of the wiggles.
We estimated this error to be one-half of the area of the combined 1520-1688 peak above the smoothed-out amplitude. This error from the wiggles would rapidly diminish with a higher limit of integration N.
"The higher moments S~, etc. , cease to be useful since the integrals are dominated by the high-energy region (just below the limit of integration N).
» If the direct-channel resonances lie on straight trajectories, then their 6rst zeros do not stay at axed t; rather they approach t=0 like 1/s, as can be seen from Pt(cosa)~Jo(t tt) for l~Do. This discussion has some implications regarding recently suggested explanations of the polarization in &N '9 Because of the di6erent weights in the diAerent sum rules, the averaging out must occur locally and not only in the entire interval from threshold to E.
'0 The interference model has led R. Gatto PPh~s. Rev. Letters 18, 803 (1967) Fig. 7 ), where
Barger and Olsson applied their model. Figure 2 shows that in the case of ImvB( & the nonresonating background amplitude is small and of the opposite sign from the extrapolated Regge amplitude. This is in contradiction to the interference model, which assumes that the nonresonating background can be approximated by the Regge amplitude.
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